Abstract. Associated with a smooth, d-closed (1, 1)-form α of possibly nonrational De Rham cohomology class on a compact complex manifold X is a sequence of asymptotically holomorphic complex line bundles L k on X equipped with (0, 1)-connections∂ k for which∂ 2 k = 0. Their study was begun in the thesis of L. Laeng. We propose in this non-integrable context a substitute for Hörmander's familiar L 2 -estimates of the∂-equation of the integrable case that is based on analysing the spectra of the Laplace-Beltrami operators ∆ ′′ k associated with∂ k . Global approximately holomorphic peak sections of L k are constructed as a counterpart to Tian's holomorphic peak sections of the integral-class case. Two applications are then obtained when α is strictly positive : a Kodaira-type approximately holomorphic projective embedding theorem and a Tian-type almost-isometry theorem for compact Kähler, possibly non-projective, manifolds. Unlike in similar results in the literature for symplectic forms of integral classes, the peculiarity of α lies in its transcendental class. This approach will be hopefully continued in future work by relaxing the positivity assumption on α.
Introduction
Let X be a compact complex manifold, dim C X = n. Fix an arbitrary Hermitian metric ω on X (which will be identified throughout with the corresponding C ∞ positive-definite (1, 1)-form on X). Let α be any C ∞ d-closed (1, 1)-form on X. Thus its De Rham cohomology 2-class {α} ∈ H 2 DR (X, R) may be a transcendental (i.e. non-rational) class.
For every q = 0, . . . , n, denote as in [Dem85a] by X(α, q) ⊂ X the open subset of points z ∈ X such that α has q negative and n − q positive eigenvalues (counted with multiplicities) at z. Set X(α, ≤ 1):= X(α, 0) ∪ X(α, 1). When {α} is an integral class (i.e. {α} is the first Chern class c 1 (L) of a holomorphic line bundle L on X), it follows from Demailly's holomorphic Morse inequalities [Dem85a] that the (a priori very weak) positivity assumption X(α, ≤1) α n > 0 suffices to guarantee that L is big. Moreover, it is well known that the first Chern class of any big holomorphic line bundle L → X contains a Kähler current T (i.e. a d-closed (1, 1)-current T such that T ≥ δ ω on X for some constant δ > 0).
On the other hand, the existence of a Kähler current (possibly of transcendental class) on X is equivalent, thanks to [DP04] , to X being a class C 1 manifold (i.e. bimeromorphically equivalent to a compact Kähler manifold). Thus extending to arbitrary classes {α} the (by now) classical results for integral classes alluded to above is of the utmost importance in the study of the geometry of X. In this paper we make the first moves towards an eventual resolution of Demailly's conjecture on transcendental Morse inequalities.
Conjecture 1.1 (Demailly) Let α be any C ∞ d-closed (1, 1)-form on X of arbitrary (i.e. possibly non-rational) cohomology class {α} ∈ H 2 DR (X, R). If
then there exists a Kähler current in the class {α}.
After the results we have obtained in [Pop08] and [Pop09] , this conjecture of Demailly is the last missing link in a (hopefully forthcoming, but still elusive) resolution of the following long-conjectured fact.
Conjecture 1.2 (standard) Suppose that in a complex analytic family of compact complex manifolds (X t ) t∈∆ over the unit disc ∆ ⊂ C the fibre X t is Kähler for every t ∈ ∆ \ {0}. Then X 0 is a class C manifold.
The results we obtain in this paper build on earlier work by L. Laeng [Lae02] whose set-up and main result we now summarise. They will serve as the starting point of the present work.
Setting considered by L. Laeng in [Lae02]
By [Lae02, Théorème 1.3, p. 57], one can find an infinite subset S ⊂ N ⋆ (that will be assumed without loss of generality to be N ⋆ ) and a sequence (α k ) k∈S of C ∞ d-closed 2-forms (in general not of type (1, 1)) on X such that
where C > 0 is a constant independent of k but depending on X and b 2 := dim R H 2 DR (X, R) denotes the second Betti number of X. Here, as throughout the paper, the meaning of the symbol || || C ∞ is that the stated estimate holds in every C l -norm with a constant C = C l > 0 depending on l ∈ N (but not on k). Thus the notation used in part (ii) of (2) is shorthand for
for all k ∈ S and all l ∈ N.
It is clear that if α k = α 
In particular,∂ 2 k = 0 (i.e.∂ k is a non-integrable connection of type (0, 1) on L k ) if L k is not holomorphic. This means that, even locally, L k may admit no holomorphic sections as ker∂ k need not contain any non-trivial elements. However, combined with (ii) of (3), the first part of (4) shows that although the line bundle L k is non-holomorphic, it comes arbitrarily close to being holomorphic as k → +∞. The sequence of asymptotically holomorphic line bundles (L k ) k∈S will play a major role in what follows.
(In the classical case when {α} = c 1 (L) is an integral class, one can of course choose α k = kα and L k = L k is then a genuine holomorphic line bundle in which∂ k =∂ is integrable, i.e.∂ 2 k = 0. However, the non-integrable case is of concern to us here.) ⋆ E are considered ; Donaldson in [Don96] where Gaussian sections in the local flat model are used to construct global approximately holomorphic sections ; Shiffman and Zelditch in [SZ02] where the Boutet de MonvelSjöstrand [BS76] and the Boutet de Monvel-Guillemin [BG81] methods are used on a suitable circle bundle to construct a pseudodifferential operator D 0 replacing the standard∂ b of the integrable case ; Ma and Marinescu in [MM02] where the spin c Dirac operator is used ; Borthwick and Uribe in may have trivial kernel, but the direct sum of its eigenspaces corresponding to small eigenvalues is a natural substitute thereof. Thus Laeng put forward the following space of sections (cf. [Lae02, Propriété 4.5, p. 92]).
Definition 1.3 For every k ∈ S (= N ⋆ ), let
where E 0, 0 ∆ ′′ k (µ) stands for the eigenspace of ∆ ′′ k in bi-degree (0, 0) corresponding to the eigenvalue µ, ε is any constant such that 0 < ε < 2 b 2 (where b 2 = b 2 (X) = dim R H 2 (X, R) is the second Betti number of X) and C > 0 is an arbitrary constant.
The spaces H k are not uniquely or even canonically associated with {α} since there is no privileged choice of rational classes 1/k {α k } in H 2 DR (X, R) approximating {α}. The C ∞ sections of L k belonging to the space H k will be termed approximately holomorphic sections of L k by virtue of their satisfying the following obvious property (cf. [Lae02, p.92 
]).
Lemma 1.4 For every k ∈ S and every section s ∈ H k , we have
where ε k := C k 1+ε and || · || denotes the L 2 -norm defined by ω and h k on any space C ∞ p, q (X, L k ).
Proof. If · , · denotes the L 2 scalar product induced by ω and h k on any space C ∞ p, q (X, L k ), for every s ∈ H k we have
by the definition of H k .
The main result of Laeng is the following asymptotic growth estimate of the dimension of H k which provides the non-integrable analogue of the key estimate in Demailly's holomorphic Morse inequalities [Dem85a] . 
In particular, if we assume X(α, ≤1) α n > 0 (Demailly's hypothesis in [Dem85a] ), then dim C H k has maximal growth rate (i.e. O(k n )) as k → +∞.
Thus Theorem 1.5 shows that the asymptotically holomorphic line bundles L k for which one has singled out spaces of approximately holomorphic sections H k display in the non-integrable context a property analogous to the familiar notion of big holomorphic line bundle of the integrable context.
The underlying idea in this approach to Demailly's conjecture on transcendental Morse inequalities is to manufacture the desired Kähler current in the class {α} by modifying in the same class a positive current obtained as a limit of currents explicitly constructed from approximately holomorphic sections of the approximately holomorphic line bundles L k . If (σ k, l ) 0≤l≤N k (where N k + 1 := dim C H k ) is an orthonormal basis of H k , it is natural to consider the closed (1, 1)-currents T k (cohomologous to α) on X defined by
where at every point z ∈ X we denote by [Lae02, where an extra ε k is inserted to enable the calculations). Since the sections σ k, l are not holomorphic, each current T k may have a negative part. Moreover, the L 2 -estimate (5) which makes precise the sense in which sections in H k are approximately holomorphic falls far short of what is needed to control the negative parts of these currents. To obtain such a control, pointwise estimates of the sections σ k, l and their derivatives of order ≤ 2 are needed. We need to be able to either produce sections of L k that are approximately holomorphic in a sense much stronger than L 2 , or to get a far better grip on the existing sections making up the space H k . This is where the work of [Lae02] comes to an end and new ingredients are needed.
Results obtained in this paper
We propose in this paper a method of constructing global C ∞ approximately holomorphic peak sections of L k by a careful analysis of the spectrum and (lack of) commutation properties of the anti-holomorphic Laplace-Beltrami operator ∆ ′′ k of L k . The familiar L 2 techniques of the integrable case based on resolutions of the∂-operator are inapplicable in our case where∂ 2 k = 0 (hence∂ k -exact forms need not even be∂ k -closed). Thus∂ k is replaced in this approach by ∆ ′′ k as the main object of study. The starting point is a Weitzenböck-type formula for non-holomorphic vector bundles that essentially appears in [Lae02] . We only very slightly simplify it in section 2.
Having fixed an arbitrary point x ∈ X, the construction of an approximately holomorphic peak section at x will proceed in two stages. First, a local peak section is constructed on a neighbourhood of x as a Gaussian section lying in the kernel of a coupled∂-operator∂ kA :=∂ + A 0, 1 k defined by an appropriate (0, 1)-form A 0, 1 k coming from the curvature 2-form α k of L k . This local construction, performed in §.3.1, has been inspired by Donaldson's approach in [Don96] . Second, we extend the local section v to a global C ∞ section θv of L k by multiplying by a cut-off function θ and then we take the orthogonal projection s h of this extension onto the space H k . This is tantamount to correcting s:= θv to an approximately holomorphic global section s h of L k by subtracting its orthogonal projection s nh onto the orthogonal com-
We are faced with the challenge of estimating (for example in L 2 -norm over X and in a stronger norm on a neighbourhood of x) the correction s nh in terms of∂ k s. This is done (cf. Proposition 3.5) for an arbitrary global section s ∈ C ∞ (X, L k ) in §.3.2 which is the heart of the paper. When α > 0, the global L 2 -estimate obtained is
A refined local estimate is then obtained in §.3.3 in a neighbourhood of x when s is the extension of the local Gaussian section of §.3.1. We then go on to give two applications of the approximately holomorphic peak sections in the special case when α > 0 on X (i.e. α is a Kähler metric). This (rather strong positivity) assumption will be removed in future work, but there are already some interesting features in this most basic case.
The first application is an approximately holomorphic Kodaira-type projective embedding theorem for compact Kähler manifolds (see Theorem 4.1 for a more precise statement). Theorem 1.6 Let X be a compact Kähler (possibly non-projective) manifold. Pick any Kähler metric α (possibly of non-rational class) on X and a choice of spaces H k (k ∈ S ⊂ N ⋆ ) for {α}. Then the Kodaira-type map
associated with H k is everywhere defined and an embedding for k large enough.
Similar statements have been proved by various authors (e.g. [SZ02] ) for symplectic forms of integral classes. The novelty of our result lies in allowing for the class {α} to be transcendental.
The other application, an approximately holomorphic analogue of Tian's almost isometry theorem [Tia90, Theorem A], can be stated as follows (see Theorem 5.1 for a more precise statement).
Theorem 1.7 The assumptions are those of Theorem 1.6.
F S denotes the Fubini-Study metric of P N k and Φ k is the embedding of Theorem 1.6, then
The natural question arising is whether the above C 2 -norm convergences can be improved to C ∞ -topology convergences and, moreover, whether there exists an asymptotic expansion for the Bergman kernel function |σ k, l | 2 h k that would parallel Zelditch's results of [Zel98] . Given the non-degeneracy assumption on α, this is likely but the approach would be probably different to the one based on approximately holomorphic peak sections that we have undertaken here. However, in our view, the present approach has the advantage of lending itself to generalisations when α is allowed to degenerate. This far more general situation that one faces in tackling Demailly's conjecture on transcendental Morse inequalities will be taken up in future work.
The global approximately holomorphic peak sections of L k constructed in section 3 provide a non-integrable analogue to Tian's holomorphic peak sections of [Tia90] . While in the case of an ample holomorphic line bundle treated in [Tia90] the Kodaira Embedding Theorem was already available, we show in section 4 that its standard proof can be imitated in the present non-integrable context using our peak sections. Finally, the proof of Theorem 1.7 is spelt out in section 5 along the lines of Tian's proof of his holomorphic case result with an emphasis on the handling of the extra derivatives peculiar to the approximately holomorphic case at hand.
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Preliminaries
We collect here a few essentially known facts about the Bochner-KodairaNakano and Weitzenböck identities for not necessarily holomorphic vector bundles on possibly non-Kähler compact complex manifolds that we arrange in a form that will be useful to us in the subsequent sections. The references are [Gri66] , [Dem85b] (the non-Kähler case), [Lae02] (the non-holomorphic bundle case) and [Don90] (whose straightforward approach in the almost Kähler situation inspired the presentation in 2.1 and 2.2). This section also fixes the notation for the rest of the paper.
Weitzenböck formula: the non-integrable case
Let (E, h E , D E ) → (X, ω) be a complex Hermitian C ∞ vector bundle (rank C E = r ≥ 1) equipped with a Hermitian connection D E over a complex Hermitian manifold (dim C X = n). One denotes
the splittings into (1, 0) and (0, 1)-type components of D E (acting on Evalued forms) and respectively d (the Poincaré differential operator acting on scalar-valued forms of X) w.r.t. the complex structure of X. Note that in the general case when E is not holomorphic, we havē
where Θ(E) 0, 2 denotes the (0, 2)-component of the curvature form of (E, h E ). Thus∂ E is a non-integrable connection of type (0, 1) when E is non-holomorphic. It is clear that τ is an operator of order zero and bi-degree (1, 0). The metric ω is Kähler if and only if τ = 0.
The Bochner-Kodaira-Nakano identity for holomorphic vector bundles E was extended to the case of a Hermitian (possibly non-Kähler) metric ω by Griffiths in [Gri66] and in a more precise form by Demailly in [Dem85b]. It was later further extended to the case of a possibly non-holomorphic C ∞ vector bundle E by Laeng in [Lae02] in the following form.
Bochner-Kodaira-Nakano identity:
as operators acting on C ∞ p, q (X, E) (for any p, q = 0, . . . , n), where
is the torsion-twisted version of ∆ ′ E (and clearly a non-negative formally self-adjoint elliptic operator of order two) and
is a zero-order operator that vanishes if ω is Kähler, while iΘ(E) 1, 1 denotes the (1, 1)-component of the curvature form of (E, h E ) (which is not of type (1, 1) when E is not holomorphic).
To derive a Weitzenböck-type formula for E-valued (0, q)-forms in this general setting, one follows the usual route. For every q = 1, . . . , n, set Ω 0, q E := Λ 0, q T ⋆ X ⊗E. This complex C ∞ vector bundle has a natural Hermitian metric induced by ω and h E . Let
be the connection on Ω 0, q E induced by D E , ω and h E , while ∇ ′ , ∇ ′′ denote its respective (1, 0) and (0, 1)-components w.r.t. the complex structure of X. Since the vector bundle Λ 0, q T ⋆ X is anti-holomorphic, it has a natural Hermitian connection whose (1, 0)-component is ∂, so ∇ is the unique connection on Ω 0, q E compatible with the metric induced by h E and ω and having ∂ E as (1, 0)-component. Thus
It is clear that E-valued (0, q)-forms identify naturally with sections of Ω 0, q E under the obvious isomorphism
One naturally defines Laplace-Beltrami operators on sections of Ω 0, q E :
, as well as the torsion-twisted version of the latter by
. It is clear that the identifications (9) and (10) give
The Weitzenböck formula will follow from a double application of the BochnerKodaira-Nakano identity (8), first to relate ∆ 
Now using identification (10) and identity (11) and putting together the two instances (8) and (12) of the Bochner-Kodaira-Nakano identity, we get:
Weitzenböck formula for E-valued (0, q)-forms:
Weitzenböck formula in Laeng's special setting
We now specialise the discussion in subsection 2.1 to the situation described in subsection 1.1. This was already done in [Lae02] . We only very slightly simplify the formulae. The complex manifold X is supposed to be compact.
become the following operators acting on C ∞ p, q (X, L k ) :
Thus by (11) we have
on
is of type (1, 1) (due to Λ 0, q T ⋆ X being antiholomorphic), passing to (1, 1)-components in the last identity we are left with iΘ(Ω
, a zero-order operator independent of k. In order to better exploit the fact that α 
where we have denoted
a zero-order operator, independent of k,
a zero-order operator that depends on k but tends to zero as k → +∞,
a zero-order operator, independent of k.
Calculation of V . Let λ 1 ≤ . . . ≤ λ n stand for the eigenvalues of α w.r.t. ω ordered non-decreasingly. Let us fix an arbitrary point x ∈ X. We can find local holomorphic coordinates z 1 , . . . , z n about x such that
Fix some 0 ≤ q ≤ n and let u ∈ C ∞ 0, q (X, L k ) be arbitrary. Then in a neighbourhood of x we can write u = |J|=q u J dz J , for some smooth functions u J , where dz J := dz j 1 ∧ . . . ∧z jq for every J = (j 1 < . . . < j q ). The first identity in the following formula is known to hold at x (cf. e.g. [Dem97, VI- §. 
Since [α, Λ]u = −(Λα)u (because Λu = 0 for bi-degree reasons) and since n l=1 λ l = Tr ω α is the trace of α w.r.t. ω, we have obtained the formula
We 
Combining (20) and (21), we obtain the formula
at every point x ∈ X and for every u =
Consequently the Weitzenböck formula (16) translates to the following
Note that ′′ k is a non-negative operator (i.e.
′′ k u, u ≥ 0 for every u) and R α, k + R is an operator of order 0, bounded independently of k (see (18) and (19)). Hence in the special case when α is supposed to be positive-definite (i.e. λ j (z) > 0 for all j = 1, . . . , n and all z ∈ X), we immediately get
, where δ 0 > 0 is any constant for which α ≥ 2δ 0 ω on X. 
case. This will be needed in the next section. Since∂ 2 k = 0,∂ k does not commute with ∆ ′′ k . Indeed, the commutation defect is easily seen to be
and it was given the following L 2 -norm estimate in [Lae02, p.90]:
The lack of commutation between∂ k and ∆ ′′ k means that an eigenvalue λ of ∆ ′′ k in bi-degree (0, 0) need not be an eigenvalue of ∆ ′′ k in bi-degree (0, 1). In particular,∂ k need not define an injection of the eigenspace E
(λ) when λ = 0 as is the case when∂ k is integrable. However, it was shown in [Lae02] that a part of the spectrum in bi-degree (0, 0) injects into an appropriate part of the spectrum in bi-degree (0, 1). For any (p, q), 
(the present notation differs from that of [Lae02] where λ and µ stood for eigenvalues of
J , which is the composition of∂ k with the orthogonal projection
J , is injective if appropriate choices of λ 1 , λ 2 and ε ′ 0 are made. The reasoning proceeds in [Lae02] by contradiction in the following way: if for some s ∈ E 0, 0
while, on the other hand, we have
which, for this particular s, transforms (26) to
Writing now ∆
we choose λ 1 < k ; the factor 2 can be absorbed in the constant C in (28).) Now putting (27) and (29) together and using the fact that∂
which is ruled out by the choices made above), we get
Now fix an arbitrary ε ′′ 0 > 0 independent of k and choose ε
Choose moreover λ 1 = λ 1 (k) = C k −1−ε with an arbitrary 0 < ε < 2/b 2 . Then (30) reads
which is impossible if k is large enough since 2/b 2 − ε > 0 with the above choices. Thus no s as above exists, which means that the map Π J •∂ k is injective, when k ≫ 1. Hence
with the above choices of
0 > 0 independent of k) and every λ 2 > 0 (that may or may not depend on k). This inequality (31) was used in [Lae02] in the proof of Theorem 1.5.
Alternatively, we can use it in the following way. If we assume that α > 0 on X, Corollary 2.1 implies that all the eigenvalues of ∆ 
(32)
Construction of peak sections
To control the negative part of T k (defined in (7)), the first estimate we need is a pointwise lower bound for the Bergman kernel function
whereB k (1) ⊂ H k denotes the closed unit ball of H k and the latter identity follows by considering the evaluation linear map
(whose squared L 2 -norm equals both a k (x) and the right-hand term of (33)) at any given point x ∈ X. The function a k features in the denominators of expressions that make up T k when the derivatives of log a k are calculated.
In the integrable case, the only known way of obtaining a pointwise lower bound for expressions similar to a k (in which the σ k, l 's are genuine holomorphic functions) is Demailly's method of [Dem92, Proposition 3.1] consisting in an application of the Ohsawa-Takegoshi L 2 -extension theorem at the given point x: a global holomorphic function σ exists with prescribed value at x (σ(x) = e ϕ k (x) is chosen if ϕ k denotes the psh local weight of h k near x) and with L 2 -norm under control. After normalisation, σ can be made to fit in the unit ballB k (1) and Const |σ(x)| 2 provides an explicit lower bound for a k (x) in terms of ϕ k (x). By construction, this section σ is "not too small" at x.
Genuine peak sections in the sense of L 2 -norms were constructed by Tian for high tensor powers of a positive holomorphic line bundle L in [Tia90] (where the term peak section was used). Hörmander's L 2 -estimates were employed there to produce global holomorphic sections of L k whose L 2 -norms get increasingly concentrated on increasingly smaller balls about a given point x as k → +∞.
Both these methods completely break down in our case: no non-integrable analogues of the Ohsawa-Takegoshi and Hörmander's theorems are known and no positivity assumption is made on the possibly degenerate form α.
As a substitute for these (by now) classical techniques, we propose a method of constructing global C ∞ sections of L k belonging to the space H k (hence approximately holomorphic) that peak at an arbitrary point x ∈ X given beforehand and whose L 2 -norms are under control. The starting point of the construction, consisting in the use of appropriate locally defined Gaussian sections, has been inspired by Donaldson's approach in [Don96] .
The local model
The notation is that of 1.1. Fix an arbitrary point x ∈ X. Since α is a closed form, one can find a C ∞ function ϕ :
It follows that
where we have denoted A := 1 4π
(∂ϕ−∂ϕ), a 1-form on U. Since the (possibly) non-rational class {α} need not correspond to a line bundle on X, A need not be associated with a connection of a holomorphic line bundle with curvature form α, but can be thought of as mimicking such a connection. We have
On the other hand, shrinking U about x if necessary, L k may be assumed trivial on U. Let 2πA k be the
Since
, which amounts to
To exploit the proximity of kA 0, 1 to A 0, 1 k , we define the following coupled ∂-operators on U (which unlike∂ k do not globalise to the whole of X since the class {α} need not be rational).
Thanks to (35),∂ kA is close to∂ k as will be seen shortly. Now choose local holomorphic coordinates z 1 , . . . , z n centred at x (and defined on U) such that
where
It is clear that the C ∞ function ϕ : U → R with the property i/2π ∂∂ϕ = α can be chosen such that
Consider now the following
, z ∈ U.
We have:∂u = −e
Similarly, for
we have∂
We can now easily go from∂ kA to∂ k :
having used (34), (36) and (35). We have thus obtained
It is clear that the same estimate also holds with C 0 -norms and L 2 -norms in place of C ∞ -norms. So we also have
where |u k | is the modulus of the function u k , while |f k ⊗e (k) | h k is the pointwise h k -norm of the corresponding local section of L k .
The crucial estimate (40) shows that the Gaussian function u k , viewed as a local C ∞ section of L k , is an approximately holomorphic section of L k over U in the strong sense of the C ∞ -norm (cf. the much weaker L 2 -norm inequality (5)). In the special case where λ 1 (x) > 0, the local section u k peaks at x and does increasingly so as k → +∞.
We can go further and define jets of approximately holomorphic sections of L k at x. Notice that for every m 1 , . . . , m n ∈ N we have on U: 
where z 1 , . . . , z n are local holomorphic coordinates of X centred on x.
As with u k , these jets can be regarded as C ∞ sections of L k over U:
and the norms are given by
In particular, (J 0 L k ) x consists of multiples of u k . These jets will be used later on to show that a Kodaira-type map defined by approximately holomorphic sections of L k is an embedding when α > 0 and k ≫ 1. (The reader may wish to compare the discussion of the integrable case treated in [Tia90] where (jets of) holomorphic peak sections (in the L 2 -sense) are constructed in high tensor powers of an ample holomorphic line bundle -a strategy that inspired in part our present treatment of the non-integrable case.)
The next step is to construct a global C ∞ section of L k that belongs to H k (so is approximately holomorphic in the L 2 -norm sense) starting from the locally defined peak section u k . We can define a global section s by multiplying by a cut-off function θ with support in a neighbourhood of x. However, there is no reason that s constructed in this fashion should belong to H k , so we need to correct it in the most economical way possible to bring it into H k . This will be done in the next subsection for an arbitrary s ∈ C ∞ (X, L k ).
Approximately holomorphic corrections of global C ∞ sections
For every k ∈ N ⋆ , the non-negative, formally self-adjoint Laplace-Beltrami operator ∆
denote the eigenvalues (ordered non-decreasingly) of ∆
(with the understanding that E
Remark 3.3 In the special case when α > 0, Corollary 2.2 shows that
In particular, Laeng's space H k of approximately holomorphic sections of L k introduced in Definition 1.3 coincides with the space H k defined in (46) if k is large enough.
In all cases we have an orthogonal splitting
For every j = 0, . . . , N k , let
be the orthogonal projection onto the C-vector line of C ∞ (X, L k ) generated by e j . We introduce the following operator.
Definition 3.4 For every k ∈ N ⋆ , let
It is clear that ker
c j e j and
In particular,
Our goal in this subsection is to estimate the L 2 -norm of s nh in terms of the L 2 -norm of∂ k s for any section s ∈ C ∞ (X, L k ). Being the orthogonal projection of s onto N k , s nh has minimal L 2 -norm among all sections ξ ∈ C ∞ (X, L k ) for which s−ξ ∈ H k . In other words, s nh is the minimal correction of an arbitrary s ∈ C ∞ (X, L k ) to an approximately holomorphic section s h . Estimating the L 2 -norm of s nh can be seen as a non-integrable analogue in this particular situation of Hörmander's familiar L 2 -estimates of the integrable case. Indeed, recall that the standard method of correcting an arbitrary global C ∞ section s of a positive holomorphic line bundle L k to a global holomorphic section s h of L k is to solve the∂-equation
-norm which is given explicitly by the familiar formula
(where G k stands for the Green operator of ∆ ′′ k ) and to set s h = s − ξ. It is clear that s h and ξ are nothing but the orthogonal projections of s onto the subspace of global holomorphic sections and respectively its orthogonal complement in C ∞ (X, L k ). In our non-integrable case, the roles of these two subspaces are played by H k and respectively N k , while formula (52) is the analogue of (53) for s nh = ξ.
We shall now obtain the desired estimate in the particular case when the initial (1, 1)-form α is supposed to be strictly positive on X. (Recall that in the general case α is only to be assumed to satisfy Demailly's tremendously weaker hypothesis X(α, ≤1) α n > 0.) This assumption, which parallels the strict positivity curvature assumption in Hörmander's L 2 -estimates of the integrable case, will be relaxed in future work.
Then, with the notation of subsections 1.1, 1.2 and 3.2 in place, the following property holds. For every s ∈ C ∞ (X, L k ), the non-approximatelyholomorphic component s nh of s (cf. (50) and (46)) satisfies the estimate:
where || || stands for L 2 -norm, δ 0 > 0 is any constant for which α ≥ 2δ 0 ω, while C > 0 is a constant depending only on (X, ω) and k δ ∈ N ⋆ depends only on δ > 0 and α.
Proof. By Remark 3.3, H k = H k under the present assumptions. Note that by (51) and (45) we have
If we extend the Green operator P
for all s ∈ C ∞ (X, L k ), where the last inequality follows from s h and s nh being orthogonal (hence ||s|| 2 = ||s h || 2 + ||s nh || 2 ≥ ||s nh || 2 ). On the other hand, definition (49) of P k makes sense in any bi-degree (p, q) and gives an operator
by the same formula (49) as in bi-degree (0, 0) if we make the convention that P k, j and µ j P k, j are the zero operator when µ j is not an eigenvalue of ∆ 
).
(Implicitly P k, j = 0 in bi-degree (0, 1) for all j = 0, . . . , N k and all large k.)
is invertible for k large enough and its inverse satisfies the estimate:
Let us introduce the operator
Similarly we set
which measures the commutation defect of P k with∂ ⋆ k . We clearly have
In all these expressions, P
Now fix an arbitrary s ∈ C ∞ (X, L k ). Using (52) and (51), we get
We shall estimate separately the L 2 -norms of∂
k∂ k s nh and Q k∂k s nh .
In the case of∂
k∂ k s nh , we have:
In going from the third to the fourth line above, we have used the identity ∆ ′′ k = P k on C ∞ 0, 1 (X, L k ) (see the discussion preceding (56) -a consequence of the Weitzenböck formula), while the passage from the fifth to the sixth line has used the fact that ∂ k s nh , P −1 k∂ k s nh = P −1 k∂ k s nh ,∂ k s nh is real. The last inequality follows from estimate (56) We shall now estimate the second term Q k∂k s nh in the expression (58) of s nh . We shall actually estimate the L 2 -norm of S k∂k s nh and then use (57) to go from S k to Q k .
We pause briefly to prove in full generality (i.e. without using the positivity assumption made on α in Proposition 3.5) the following estimate reminiscent of Laeng's estimate (26).
Lemma 3.6 For every section
where C > 0 is a constant independent of k.
Proof of Lemma 3.6. Recall that the fundamental commutation relations for non-Kähler metrics (that are common to the integrable and non-integrable cases -see e.g.
[Dem85b] or [Lae02] or [Don96] ) give (cf. notation in subsection 2.1):
Thus for every σ ∈ C ∞ 0, 1 (X, L k ) we get from (61):
Since the latter half of (4) amounts to ∂ k∂k = −2πi α 1, 1 k −∂ k ∂ k , we get:
Now suppose that
having used the former half of (4) to obtain the last term. Now dα k = 0, so passing to the (1, 2)-component we see that∂α
k . Hence we get:
, from which, since∂ k s = σ, we further get:
Combining (62) and (63), we get : . (3) ). Consequently, in the above identity (64), the L 2 -norms of the expressions∂ 2 k s (a zero-order operator acting on s) and ∂α 0, 2
k ∧ ∂ k s (a first-order operator acting on s) can be controlled in terms of the L 2 -norms of s and ∂ k s. Meanwhile, Λ,τ ⋆ are zero-order operators independent of k, hence bounded independently of k. Thus so areτ ⋆ Λ and τ ⋆2 , too. Putting these facts together, we see that the L 2 -norms of the terms featuring on the right of (64) are estimated as follows (where the constant C > 0 is independent of k and is allowed to vary from line to line):
and similarly
If we now take the squared L 2 -norm on either side of (64) (with σ =∂ k s ∈ C ∞ 0, 1 (X, L k )), the above estimates add up to
Since∂ k s (measuring how far short a section s of L k falls from being holomorphic) is better adapted to our purposes than ∂ k s, we wish to replace ∂ k s by∂ k s in the right-hand side of the above estimate (65). The transition from ∂ k s to∂ k s was done in a natural way by Laeng in [Lae02, p. 89] using the Bochner-Kodaira-Nakano identity (8) which, when specialised to the case 
Note that the factor k of ||s|| 2 comes from the curvature term α 1, 1 k which is close (in C ∞ -norm) to kα. Using (66), (65) transforms to
which is precisely the estimate claimed in the statement. The proof of Lemma 3.6 is complete.
Thanks to (60), Lemma 3.6 immediately implies the following Corollary 3.7 Under the hypotheses of Proposition 3.5, every s ∈ C ∞ (X, L k ) satisfies the following estimate:
Proof. Applying Lemma 3.6 to s nh and using (60), we get
As already noticed, ||s nh || 2 ≤ ||s|| 2 by virtue of s h and s nh being orthogonal in the splitting s = s h + s nh .
On the other hand, taking∂ k in this splitting, we get∂ k s =∂ k s h +∂ k s nh . We claim that the L k -valued (0, 1)-forms∂ k s h and∂ k s nh are orthogonal. Indeed, we see that
It is now clear that the right-hand side of (68) is ≤ than the right-hand side of (67). This completes the proof.
End of proof of Proposition 3.5. By (57) we have
Using (68), (55) and (56) we get for every s ∈ C ∞ (X, L k ) the estimate
where C > 0 is a constant independent of k. By (55), the δ 2 of the above denominator can be improved to µ 2 N k +1 , hence also to (δ 0 − ε 0 ) 2 k 2 by (47), but this will be of no consequence in the sequel.
Using now the splitting (58) and the estimates (59) and (69) of its two terms, we get for every s ∈ C ∞ (X, L k ) the estimate
Now it is clear that the coefficient on the left-hand side above satisfies
Since ||∂ k s nh || ≤ ||∂ k s|| (as explained in the proof of Corollary 3.7), the above estimate implies estimate (54). The proof of Proposition 3.5 is complete.
Global approximately holomorphic peak sections
We now bring the discussions of subsections 3.1 and 3.2 together. We suppose that α > 0 on X as in Proposition 3.5. As in the previous subsections, the symbol || || will stand for the global L 2 -norm on X when it has no index, while an index will change its meaning to the norm it indicates. Let x ∈ X be an arbitrary point and let U ⊂ X be an open neighbourhood of x as in subsection 3.1 with local holomorphic coordinates as in (37). Consider, for every k ∈ N ⋆ , the Gaussian section u k of L k over U defined in (39) . Choose an open neighbourhood V of x such that V ⋐ U and a C ∞ cut-off function θ : X → R such that θ ≡ 1 on V and Supp θ ⋐ U.
We can apply the results of subsection 3.2 to the global section
whose s nh component satisfies thus the L 2 -estimate (54). This estimate can be refined in the special case of s = θu k using the C ∞ -estimate (40) satisfied by u k . Indeed, applying∂ k we get:
having used (40) to get the last estimate. The analogous estimate holds for C 0 -norms by (41), so
(The last identity holds whenever α ≥ 0 since u k (0) = 1 and u k (z) ≤ u k (0) in this case for all z ∈ U \ {0} if U is small enough.) Thus estimate (54) yields
We can now go from this global L 2 -estimate to a local L ∞ -estimate, but we first need to rescale the coordinates in a way similar to [Don96, §.2]. If B(0, 1) ⊂ C n denotes the unit ball in C n and χ = (z 1 , . . . , z n ) : U → B(0, 1) is the chart of coordinates z 1 , . . . , z n centred at x already used above, let α 0 stand for the closed (1, 1)-form on B(0, 1) such that χ
close to kα (see (2)), if we denote by α 
The constant C > 0 depends only on the ellipticity constant of ∆ ′′ k , hence only on the principal part of ∆ ′′ k and this is independent of k. Indeed, the operators∂ k have the same principal part (=∂, see (34)) for all k ∈ N ⋆ , hence the Laplacians ∆ ′′ k have the same principal part for all k ∈ N ⋆ . Thus C > 0 is independent of k. We have, using (71) for the second inequality below, that
On the other hand, for s = θu k = s h + s nh , we have (since θ = 1 on V )
having used the fact that s h ∈ H k (see Definition 1.3) and that ||s h || ≤ ||s||.
from above, we see that ||∆
having used (41). Hence
where the last identity holds since ||u k || 2 C 0 = 1 whenever α ≥ 0. Putting (74) and (75) together, we get
and combining this with (72) and (73) we finally get:
Since s = θu k , we have ||s|| C 0 ≤ ||u k || C 0 = 1, hence ||s|| ≤ Vol ω (X) ||s|| C 0 ≤ Vol ω (X). Thus the above estimate gives
because 2 + 2ε > 4/b 2 (since 0 < 2ε < 4/b 2 with 2ε very close to 4/b 2 ).
We can now go from this W 2 -norm estimate to a W 2p -estimate for any p ∈ N ⋆ . Indeed, the a priori estimate applied to the elliptic operator (∆
Repeating the above arguments for every p ∈ N ⋆ and using the Sobolev embedding theorem, we finally get
We have thus constructed a global approximately holomorphic section s h = θu k − s nh ∈ H k of L k that peaks at an arbitrary point x ∈ X given beforehand.
Proposition 3.8 Suppose α > 0 is a d-closed (1, 1)-form on a compact Hermitian manifold (X, ω). Then, for every x ∈ X and every k ∈ N ⋆ , there exists a global section s h = s
Proof. The statement follows immediately from the above considerations. For s = θu k , we have s(x) = u k (0) = 1, so (i) follows from (78) (in which the C 0 (1/ √ k V ′ )-norm on the left suffices). To get (ii), recall that ||s h || 2 = ||s|| 2 − ||s nh || 2 , use (71) and notice that ||s|| ≤ Vol ω (X)||s|| C 0 while ||s|| C 0 = ||u k || C 0 (U ) is bounded independently of k since u k (0) = 1 and u k is non-increasing on a neighbourhood of 0. Finally (iii) follows from the same arguments as (i) and (ii).
We end this subsection by noticing that all the above estimates still hold if u k is replaced by any m-jet of approximately holomorphic sections of L k at x (cf. Definition 3.2). Indeed, as pointed out before that definition, any linear combination of expressions of the form z say, c (m 1 ,. ..,mn) ∈ C) by a cut-off function θ:
the non-anti-holomorphic component s nh satisfies the C ∞ -estimate (78) for k large enough. Moreover, setting m := m 1 + · · · + m n , we have
on a neighbourhood of x, where we have denoted ε k := C(X, ω) ( 1 if c (m 1 ,. ..,mn) = 0. Thus we obtain the following addition to Proposition 3.8.
Proposition 3.9 The assumptions are the same as in Proposition 3.8. Fix x ∈ X and local holomorphic coordinates z 1 , . . . , z n centred on x. Then, for every k ∈ N ⋆ and every m 1 , . . . , m n ∈ N, there exists a global approximately holomorphic section s h = s 
Approximately holomorphic projective embeddings
In this section we prove the transcendental analogue of the Kodaira Embedding Theorem: any C ∞ d-closed positive definite (1, 1)-form α > 0 on a compact complex manifold X with a (possibly) non-rational De Rham cohomology class 1 {α} ∈ H 2 DR (X, R) defines, by means of the spaces H k of Definition 1.3, approximately holomorphic embeddings of X into complex projective spaces P N k for k large enough. The classical Kodaira Embedding Theorem corresponds to the case when {α} is integral (or merely rational): one gets then genuine holomorphic projective embeddings.
As noticed in (i) of Proposition 3.8, for every point x ∈ X one can find a global section of L k belonging to H k that does not vanish at x if k is large 1. Giving such an α is, of course, equivalent to giving a Kähler metric of (possibly) non-rational class on X.
enough. In other words, the sections in H k have no common zeroes for k ≫ 1. Hence the approximately holomorphic Kodaira maps
(where P H k stands for the complex projective space whose points are hyperplanes of H k ), defined equivalently by choosing any orthonormal basis (σ k, l ) 0≤l≤N k of H k and putting
are everywhere defined on X.
Theorem 4.1 Suppose there exists a C ∞ d-closed positive definite (1, 1)-form α > 0 (i.e. a Kähler metric) on a compact complex manifold X. Then, for every k large enough, the map Φ k : X −→ P N k is an embedding.
We will adapt to our non-integrable context the classical strategy of proof of the Kodaira Embedding Theorem. It remains to prove that, for k ≫ 1, the sections in H k separate points on X (i.e. for any distinct points x, y ∈ X, there exists a section s ∈ H k such that s(x) = 0 ∈ (L k ) x but s(y) = 0 ∈ (L k ) y ) and generate 1-jets of sections of L k at every point x ∈ X. We will work our new arguments peculiar to the present context and the necessary modifications of the classical integrable case into the presentation of Demailly's book [Dem97, chapter VII, §.13].
We begin by analysing a situation to which our case will be reduced.
Lemma 4.2 Suppose there exists an effective divisor E on X and let x ∈ X \ Supp E. Fix any m ∈ N. Then, for every k large enough, there exists an approximately holomorphic section τ ∈ H k of L k such that τ (x) = 0 and τ vanishes on E to order ≥ m + 1.
Proof. Consider open subsets
be the local Gaussian section of L k peaking at x constructed in subsection 3.1. For a cut-off function θ : X → R such that θ ≡ 1 on V and Supp θ ⋐ U set, as in §.3.3,
We know by (i) of Proposition 3.8 that, in the splitting s = s h + s nh with s h ∈ H k and s nh ∈ N k , we have s h (x) = 0. However, there is a priori no reason for s h to vanish on E. Let h ∈ H 0 (X, O(E)) be the canonical holomorphic section of the holomorphic line bundle associated with E. Thus div (h) = E. Since s vanishes identically on a neighbourhood of Supp E, we get a smooth section of the
Put any C ∞ Hermitian metric h E on O(E) and endow the holomorphic line bundle O(−(m+1)E) with the Chern connection associated with the induced metric h
It follows that the formal adjoint of∂ k w.r.t.
The corresponding curvature form of F k reads:
k , so using (3) we see that
where α + 1 k γ m > 0 for all k large enough since α > 0 by assumption. This shows that the sequence (F k ) k≥1 of C ∞ line bundles on X is asymptotically holomorphic in the same way as the sequence (L k ) k≥1 (introduced in §. 1.1) is. We can thus apply to the bundles F k the results obtained for L k in the previous sections. In particular, we can define anti-holomorphic Laplace-Beltrami operators
and spaces of approximately holomorphic sections of F k analogous to those of Laeng (cf. Definition 1.3):
which induce orthogonal splittings (46)). Accordingly σ splits as
By Proposition 3.5, σ nh satisfies (in the same notation) the L 2 -estimate
while σ nh also satisfies by §.3.3 the C ∞ -estimate (78).
It is clear that τ vanishes to order ≥ m + 1 on E, by construction. On the other hand, estimate (84) reads
Now ||h −(m+1) ⊗ ξ|| 2 ≥ C 1 ||ξ|| 2 for a constant C 1 > 0 independent of k (depending only on ||h m+1 || C 0 ) because the holomorphic section h m+1 is bounded above on the compact manifold X. Meanwhile s vanishes identically, hence so does∂ k s, on a neighbourhood W of Supp E in X. So ||h −(m+1) ⊗∂ k s|| 2 ≤ C 2 ||∂ k s|| 2 for a constant C 2 > 0 independent of k (depending only on inf X\W |h m+1 |). Therefore, (85) yields:
This estimate is the analogue of (54) for ξ in place of s nh . It leads, by a repetition of the arguments of subsection 3.3, to the C ∞ -estimate for ξ analogous to (78) which, in turn, leads to the analogue for ξ of (i) of Proposition 3.8:
It remains to check that τ ∈ H k . If we choose an orthonormal ba-
and denote by (µ k, l ) l∈N the corresponding eigenvalues, we have
Then, using formulae (81) and (82), we get:
We can now show that H k separates points on X (and even more).
Lemma 4.3 Let x, y ∈ X such that x = y. Fix any m ∈ N. Then, for every k large enough, there exists an approximately holomorphic section τ ∈ H k of L k such that τ (x) = 0 and τ vanishes at y to order ≥ m + 1.
Proof. Let π : X −→ X be the blow-up of y in X and let E be the exceptional divisor. Then π ⋆ α is a C ∞ (1, 1)-form on X (since π is holomorphic) satisfying
Since O(E) |E ≃ O P(TxX) (−1), we can equip O(E) |E with the smooth metric coming from O P n−1 (−1) (n := dim C X) and then extend it in an arbitrary way to a smooth metric of O(E). Thus there exists k 0 ∈ N ⋆ such that
If we equip the C ∞ complex line bundle F k := O(−(m + 1)E) ⊗ π ⋆ L k with the smooth metric induced from the metrics of O(E) and L k , the (1, 1)-component of the associated curvature 2-form reads
k , where, thanks to (3), we have
These relations compare to (83). Given the strict positivity property (86), the C ∞ approximately holomorphic line bundles F k → X are analogous to the line bundles F k → X of the proof of Lemma 4.2. Thus if we take open neighbourhoods V ⋐ U ⋐ X of x in X such that y / ∈ U , a cut-off function θ and the section s = θu k ∈ C ∞ (X, L k ) peaking at x as in the proof of Lemma 4.2, we can run the argument of that proof for
Keeping the notation of the proof of Lemma 4.2 (possibly up to a ), we get sectionsξ = h m+1 ⊗ σ nh ∈ C ∞ ( X, π ⋆ L k ) (soξ vanishes to order ≥ m + 1 on E) and
withτ (x) = 0 (wherex := π −1 (x)) andτ vanishing to order
Sinceξ vanishes to order ≥ m+1 on E and π | X\Supp E : X \Supp E → X \{y} is a biholomorphism, we see that
where ξ := π ⋆ξ ∈ C ∞ (X, L k ) vanishes to order ≥ m + 1 at y. Since s vanishes identically on a neighbourhood of y,
End of proof of Theorem 4.1. The space H k separating points on X (the case m = 0 in Lemma 4.3) amounts to the Kodaira-type map Φ k (cf. (79) or (80)) being injective for k large. On the other hand, by the case m 1 + · · · + m n = 1 of Proposition 3.9, the sections in H k generate all 1-jets of approximately holomorphic sections of L k at any point x. This amounts to Φ k being an immersion if k is large enough. The proof of Theorem 4.1 is complete.
The original form α as a limit
In this section we prove the analogue for transcendental classes of Tian's almost isometry theorem [Tia90, Theorem A]. We assume throughout that α > 0 on X but its class {α} ∈ H 2 (X, R) need not be rational. Let Φ k : X → P N k be the approximately holomorphic embedding of the previous section defined by the subspace
F S is again a d-closed C ∞ 2-form on X but in general not of type (1, 1) (since pull-backs under non-holomorphic maps need not preserve bi-degrees). On the other hand, the current T k introduced in (7) is now a genuine C ∞ (1, 1)-form on X (since the sections in H k do not have common zeroes when α > 0 -see Proposition 3.8) if k is large enough. In the classical case when the class {α} is integral, T k coincides with
F S (since Φ k is holomorphic in that case, hence it commutes with ∂∂) and is termed the k th Bergman metric on X. However, in our case the class {α} is non-rational and the above 2-forms are different for bi-degree reasons. Since Φ k is approximately (or asymptotically) holomorphic, the (2, 0) and (0, 2)-components of
are intuitively expected to converge to zero when k → +∞. This fact will be borne out by a calculation below. On the other hand, the (1, 1)-component of
F S need not be closed, hence it need not coincide with T k but we will show that
1, 1 and T k converge to the same limit, so they are in a sense asymptotically equal. Moreover, we will prove that this limit is the original Kähler form α as was the case in [Tia90] when {α} was integral.
Theorem 5.1 Suppose there exists a Kähler metric α > 0 on a compact complex manifold X. For an arbitrary orthonormal basis (σ k, l ) l∈N of H k , set
(and note that T k is independent of the choice of orthonormal basis). Then:
In particular, T k and
The rest of this section will be devoted to proving these statements. Notice that it suffices to prove the estimates locally with constants independent of the open subset chosen. So fix a point x ∈ X, local holomorphic coordinates z 1 , . . . , z n centred at x and a local trivialisation θ k of L k over a neighbourhood U of x as in §.3.1. For any global section σ of L k , denote by f the C ∞ function on U that represents σ w.r.t. θ k . In particular, the functions f k, l represent on U the sections σ k, l forming an orthonormal basis of H k :
We will choose an orthonormal basis (σ k, l ) 0≤l≤N k of H k that will enable us to compute derivatives of f k, l at x in the same way as Tian chose his basis in [Tia90, (3.7)]. Since the evaluation linear map
does not vanish identically (cf. (i) of Proposition 3.8), its kernel is a hyperplane in H k and we can choose σ k, 0 ∈ H k \ker (ev x ) such that σ k, 0 ⊥ ker (ev x ). Thus f k, 0 (x) = 0. Since the evaluation linear map
does not vanish identically (otherwise H k would not generate the approximately holomorphic 1-jet z 1 e −k/2 ϕ at x -see Proposition 3.9), its kernel is a hyperplane in ker (ev x ) and we can choose
). Thus f k, 1 (x) = 0 but ∂f k, 1 ∂z 1 (x) = 0. We can thus construct inductively a decreasing sequence of subspaces
each containing the next as a hyperplane (since
) for l = 1, . . . , n and σ k, n+1 , . . . , σ k, N k in the analogous way. Normalising each σ k, l to norm 1, we get an orthonormal basis of H k such that (cf. [Tia90, (3.7)]):
To streamline the calculations, we may assume that the local holomorphic coordinates z 1 , . . . , z n about x, chosen originally as in (37) (where λ j (x) > 0 for all j since α > 0), have been further rescaled such that
Lemma 5.2 Suppose the local coordinates z 1 , . . . , z n about x have been rescaled as in (89) and the local potential ϕ of α has been chosen as in (38) (with each λ j (x) replaced by 1). For u k defined in §.3.1 write
on U as in (42), where e (k) denotes the local frame of L k w.r.t. θ k . Then, for all j = 1, . . . , n, we have:
f k (0) for all j = 1, . . . , n. The statements still hold if we replace u k by any jet z
having used the identity A 0, 1 = 1/4π∂ϕ on U. The first statement of the Lemma follows. The first part of the second statement follows by taking z = 0 in the first one and using (38) to see that ∂ϕ/∂z j (0) = 0 for every j. The second part follows by applying ∂/∂z j in the first statement and using (38). These properties still hold for jets since∂ kA (z
We need one more preliminary observation in the spirit of [Tia90, Lemmas 2.1, 2.2, 2.3] before performing the actual calculations. We can apply to every approximately holomorphic jet z
k at x the procedure described in §.3.2 : multiply it by a cut-off function θ (with θ ≡ 1 on V and Supp θ ⋐ U) and then take the orthogonal projections s h := s
The results obtained in §.3.2 and §.3.3 starting from u k still apply if we start off with z
On the other hand, given the properties (88) satisfied by the orthonormal basis (σ k, l ) l∈N of H k , it is not hard to see, after normalising each peak section s
(0,...,1,...,0) (with 1 in the l th spot) for every l = 1, . . . , n, σ k, n+1 is close to s (k) (2,0,...,0) , etc. In Tian's holomorphic case, this was an L 2 -norm proximity (cf. [Tia90, Lemma 3.1]). We can show furthermore that the forms in each of these pairs are close to each other in the C ∞ -norm on a neighbourhood of x.
Lemma 5.3 We have:
where |f k, l | denotes the modulus of f k, l .
Proving that the latter term in the right-hand side of (90) converges to zero amounts to proving that, for every r, s = 1, . . . , n, the ∂ 2 /∂z r ∂z sderivative of 1/k · log |f k, l | 2 converges to zero. Using an orthogonal transformation, it suffices to prove this fact for r = s = 1.
We begin with the C 0 -estimate.
Lemma 5.4 With the above choices we have:
where C > 0 is a constant independent of x.
Proof. Straightforward calculations give:
We have used (88) in f k, l (x) = 0 for all l ≥ 1 and in ∂f k, l ∂z 1 (x) = 0 for all l ≥ 2. By Lemma 5.2, the anti-holomorphic first order derivatives ∂/∂z j vanish at 0 = z(x) in the case of jets, so we are left with calculating the first term and the terms containing second order derivatives ∂ 2 /∂z 1 ∂z 1 at 0 in (91).
By Lemma 5.2, we further have
Thusf k, 0 (0) 
As for the first term in the last sum on the right-hand side of (91), it can be estimated in the same way as the analogous term was estimated in [Tia90] . In the rescaled coordinates of (89), λ j (x) becomes 1 in (38), so (1 − |z| 2 ) k dz 1 ∧ dz 1 ∧ · · · ∧ dz n ∧ dz n , from which it follows that (again by (38) in which each λ j (x) becomes 1 in the rescaled coordinates of (89)) and ∂f k, l /∂z j (0) = 0 (by Lemma 5.2), we find for j = 1 that The contention follows.
The C 2 estimate can be proved in the same way and is left to the reader. We have thus proved part (a) of Theorem 5.1. We now prove part (b).
Since for any system of homogeneous coordinates [w 0 : · · · : w N k ] of P |w l | 2 , we get:
w rwl i 2π dw l ∧ dw r .
f k, rfk, l i 2π (∂f k, l +∂f k, l ) ∧ (∂f k, r +∂f k, r ) , from which it follows that
− 1
f k, rfk, l ( i 2π ∂f k, l ∧∂f k, r − i 2π ∂f k, r ∧∂f k, l ) ,
f k, rfk, l i 2π ∂f k, l ∧ ∂f k, r ,
where |f k, l | stands for the modulus of the function f k, l that represents σ k, l in a local trivialisation of L k . Thanks to Lemma 5.2, if the f k, l 's were the actual approximately holomorphic jets at x = z(0), we would havē ∂f k, l (0) = 0, l = 0, . . . , N k , F S ) 0, 2 would vanish at x. Now, as already noticed earlier, the f k, l 's need not be the jets at x but they lie within a C ∞ -norm distance O(1/k 4/b 2 + δ k ) of the jets by Lemma 5.3. This estimate being uniform w.r.t. x, we infer that
On the other hand, straightforward calculations show that
(f k, l f k, r i 2π ∂f k, l ∧∂f k, r + f k, lfk, r i 2π ∂f k, l ∧∂f k, r + f k, rfk, l i 2π ∂f k, l ∧∂f k, r +f k, lfk, r i 2π ∂f k, l ∧∂f k, r ). (98) Notice that the right-hand sides of the expressions (94) and (98) contain precisely the same terms featuring products ∂f k, l ∧∂f k, r , while all the products containing a factor ∂f k, l or∂f k, l would vanish at 0 = z(x) if the f k, l 's were the actual approximately holomorphic jets at 0 by (97). Thus the terms in this latter group are negligible in the C ∞ -norm by Lemma 5.3. The only two terms featuring on the right of (98) but not on the right of (94) are those containing second-order derivatives i∂∂f k, l and i∂∂f k, l . Thus we have:
Now by Lemma 5.2, if the f k, l 's were the actual approximately holomorphic jets at 0 = z(x), for every l = 0, . . . , N k the following would hold on U:
